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\Q 1 ABSTRACT 

I: . 

pergravities can be described in terms of the closure of the internal general coordinate 
transformations of the toroidal compactifications of D = 11 supergravity and of type IIB 
supergravity, with type IIA/IIB T-duality providing an intertwining between the two pic- 
tures. At the quantum level, the part of the U-duality group that corresponds to the 



X 



surviving discretised internal general coordinate transformations in a given picture leaves 
the internal torus invariant, while the part that is not described by internal general coordi- 
nate transformations can have the effect of altering the size or shape of the internal torus. 
For example, M-theory compactified on a large torus T n can be related by duality to a 
compactification on a small torus, if and only if n > 3. We also discuss related issues in 
the toroidal compactification of the self-dual string to D = 4. An appendix includes the 
complete results for the toroidal reduction of the bosonic sector of type IIB supergravity to 
arbitrary dimensions D > 3. 
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1 Introduction 



U-dualities are discrete subgroups of the global Cremmer-Julia (CJ) symmetries of super- 
gravities [jlj], which are conjectured to be exact symmetries of string theory or M-theory ||,[|. 
The origin of the CJ symmetries is in general rather deep, involving a subtle interplay be- 
tween the geometry of spacetime and the structure of the gauge fields and their interactions. 
The subtleties increase as the dimension of the spacetime reduces. For example, in the case 
of the maximal supergravities obtained by toroidal dimensional reduction from .D = ll, the 
GL(1,IR) ~ 0(1, 1) and GL(2,IR) CJ symmetries in D = 10 and D = 9 can be simply un- 
derstood as the lower-dimensional interpretation of the general coordinate transformations 
in the internal directions, corresponding to constant linear transformations 5z l = — A l j z 3 
of the coordinates z % on the torus J^] However, in D < 8 the analogous residual coordinate 
transformation symmetries in the toroidal reduction from D = 11 account for only a part 
of the full CJ symmetry group, and its full structure involves in addition transformations 
on the "matter" gauge fields coming from the 3- form potential of D = 11. On the other 
hand, from the viewpoint of a toroidal reduction of type IIB supergravity there are always 
parts of the CJ groups that cannot be understood as general coordinate transformations. 

It was observed in || that lower-dimensional CJ groups could be used to perform trans- 
formations on p-brane solutions in higher dimensions that alter their asymptotic or singu- 
larity structures. This was done by diagonally dimensionally reducing the p-brane to an 
instanton, and acting on this with an SX(2,]R) subgroup of the CJ group in this lower- 
dimensional Euclidean-signature theory. This transformation is capable of shifting the con- 
stant term in the harmonic function describing the original p-brane solution, and it is this 
shift that is responsible for altering the asymptotic or singularity structure of the solution. 
It is manifest that the symmetry that is achieving such a change of the structure of the 
solution must be more than merely a general coordinate transformation. Indeed it is only 
by considering such instanton transformations in D < 8 that the associated solutions can 
be mapped into ones with altered singularity structures, and, as we observed previously, it 
is in D < 8 that the CJ groups go beyond general coordinate transformations. 

In this paper, we shall show that by combining the two descriptions of the D-dimensional 
theory, corresponding to a dimensional reduction either from D = 11 or from the type IIB 
theory, it is in fact possible to interpret any CJ symmetry transformation as coming from 
lr To be precise, the 1R factor of the GL(11 — D,]R) transformations parameterised by A z j does not, as it 
stands, leave the D-dimensional Einstein-frame metric invariant, and one needs to include a compensating 
transformation under the homogeneous rescaling transformation of the Lagrangian in order to achieve this fl . 
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a general coordinate transformation in the internal space of the toroidal compactification 
in one or the other of the two pictures. Thus one can construct the entire CJ groups in all 
dimensions as the closure of the internal coordinate transformations of D = 11 supergravity 
and type IIB supergravity, together with the T-duality that relates the IIA and IIB theories. 
In fact if a given CJ symmetry transformation does not come from the internal general 
coordinate transformations in one of the reduction pictures, then it necessarily will in the 
other reduction picture. An example of this was already known in D = 9, where it was 
shown that the SL(2, 1R) symmetry of type IIB, enlarged to GL(2, H) upon compactification 
to D = 9, could alternatively be understood, by virtue of IIA/IIB T-duality, as the internal 
coordinate transformations of the 2-torus compactification of D = 11 supergravity ||. An 
application of this approach is that any U-duality transformation on a particular p-brane 
can be mapped, via a sequence of T-duality transformations, into a general coordinate 
transformation in either the type IIA or the type IIB theory. Ideas along these lines were 
indeed used in [Q,|8| for the purpose of effecting the same changes to the harmonic functions 
in p-brane solutions that can also be achieved by U-duality transformations ||. 

If maximal supergravity in D < 9 is obtained by toroidal reduction from D = 11 then 
there will be a manifest GL(11 — D,R) global symmetry coming from the internal linear 
transformations of the (11 — D)-torus. On the other hand, if the same D-dimensional theory 
is obtained by toroidal reduction from ten-dimensional type IIB supergravity then there will 
instead be a manifest GL(W— D, IR) global symmetry (at the level of the equations of motion 
in even dimensions). This GL(10 — D, IR) group is not, of course, simply a subgroup of the 
previous GL(11 — D,1R) of the D = 11 reduction. In fact, as we shall show, the closure 
of the two global symmetry groups gives the full CJ symmetry group in dimension D. A 
simple non-trivial example is provided by the case of maximal supergravity in D = 8, for 
which the full CJ group is SX(3,IR) x SL(2, IR). The SX(3,IR) factor is easily understood 
from the point of view of a T 3 reduction from D = 11, as a subgroup of the GL(3, IR) 
general-coordinate symmetry. From this viewpoint, however, the origin of the SX(2,IR) 
factor is more obscure; it is generated by an interaction between gravity and the 3-form 
potential in D = 11, giving rise to a dilatonic scalar and an axion in D = 8. This 
dilatonic scalar parameterises the volume of the 3-torus, and, together with the axion from 
A (3 ), forms the SX(2, H)-invariant factor in the scalar Lagrangian. If, on the other hand, 
we look at the D = 8 theory from the viewpoint of a T 2 reduction from the type IIB theory, 
then the SX(2, IR) factor in the CJ group is now easily understood as a subgroup of the 
GL(2,IR) symmetry from internal coordinate transformations on T 2 . It is now instead the 
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SL(3, IR) factor whose origin is more obscure; it is an extension of the 5L(2,M) symmetry 
of the ten-dimensional type IIB theory. By combining the two viewpoints, together with 
the knowledge, coming from T-duality, that the two eight-dimensional theories are really 
the same, we can therefore understand both the SL(3, H) and the SX(2,IR) factors of the 
CJ symmetry as coming from certain internal coordinate transformations. 

It should be emphasised that it is in D < 8 that the interpretation of the C J symmetries 
as internal general coordinate transformations becomes non-trivial, since only then is there 
a necessity of combining the pictures from the D = 11 and the type IIB compacifications 
in order to be able to give such an interpretation for the entire CJ groups. In dimensions 
lower than eight the story is a little more complicated than the one described above in 
D = 8, since we now have CJ groups that are simple, rather than products of two factors, 
and the way in which the two sets of internal coordinate transformations close on the full 
group is more involved. In the rest of this paper we shall develop a general formalism for 
showing how the general coordinate symmetries fit together in the two pictures. In section 
2, we show by considering the Dynkin diagrams for the CJ algebras, that we can indeed 
put the GL(W — D, IR) symmetry from the type IIB reduction route together with the 
GL(ll — D,M) from the D = 11 reduction route to give the full D-dimensional CJ group. 
We also give, in section 3, a detailed decomposition of any C J group transformation in terms 
of a sequence of general-coordinate transformations of D = 11 and type IIB supergravities, 
intertwined by type IIA/IIB T-duality transformations. 

Within a given picture, the CJ transformations that can be described as internal general 
coordinate transformations are rather trivial, in the sense that they are really just reparam- 
eterisation symmetries. We show in section 4 that the remainder of the CJ transformations 
in the given picture have a more interesting geometrical interpretation, in that they corre- 
spond to symmetries that can change the size or the shape of the internal compactifying 
torus. These kinds of transformation therefore arise in D < 8. For example, in these di- 
mensions there is a duality symmetry relating M-theory compactified on a given torus to 
M-theory compactifed on tori of different sizes or shapes. However this symmetry of M- 
theory becomes less mysterious from the type IIB point of view, since it then corresponds 
to internal general coordinate transformations of the compactifying torus of the type IIB 
picture. 

In section 5, we give analogous discussions for the toroidal reductions to D = 4 of 
six-dimensional pure gravity and N = 1 self-dual supergravity, and we obtain their global 
symmetry groups. After presenting our conclusions in section 6, we include an appendix in 
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which the complete results for the toroidal dimensional reduction of the bosonic sector of 
type IIB supergravity are derived, in all dimensions D > 3. This extends previous results 
for the toroidal reduction of D = 11 supergravity ||. The type IIB reduction has a 
new subtlety concerned with the handling of the self-duality constraint on the 5-form field 
strength H/ 5 y We show that in the reduced D-dimensional theory the GL(W — D,1R) 
symmetry associated with the internal general coordinate transformations is a symmetry 
only at the level of the equations of motion, when the spacetime dimension is even, but it 
is a symmetry of the Lagrangian in odd dimensions. Our analysis shows that the entire 
GL(10 — D,H) internal general-coordinate symmetry is preserved and is manifest. 



2 U-duality as general coordinate transformations 

In appendix A, we derive the D-dimensional theory following from the toroidal dimensional 
reduction of the bosonic sector of type IIB supergravity. We do this by starting from the 



enlarged ten-dimensional theory introduced in [ 10 1 , where the five- form field strength is 
not constrained to be self-dual. This allows a Lagrangian formulation, given in ( |A.1| ), whose 
equations of motion reduce, after imposing H {5) = *H^, to those of type IIB supergravity. 



In our dimensionally-reduced Lagrangians flA.ll ) the D-dimensional consequences of this 



self-duality condition have yet to be imposed; they are given, dimension by dimension, 



in (A. 17). This formulation has the advantage of allowing the full GL(10 — D,IR) global 
symmetry coming from the general coordinate transformations on the compactifying (10 — 
D)-torus to be manifest. Unlike in D = 10 itself, it is possible to write a spacetime- 
covariant D-dimensional Lagrangian with the consequences of the ten-dimensional self- 
duality condition already imposed. One way to do this is by using ( |A.17 ) to eliminate 



higher-degree fields in favour of their lower-degree duals. Of course when D is even this 
cannot be done in a fully GL(10 — D, H)-covariant way, since half of the fields of degree 
D/2 must be eliminated in favour of the other half. This can be done in a GL(9 — D,IR)- 
covariant way Thus in odd dimensions, the Lagrangian for D-dimensional supergravity 
has the full GL (10 — D, IR) symmetry manifest, while in even dimensions the GL(10 — D, IR) 
is manifest only at the level of the equations of motion. 

In D < 9, the maximal supergravities can be obtained from the dimensional reduction 
of either D = 11 supergravity or of ten-dimensional type IIB supergravity, with the two 
formalisms being related by field redefinitions that are the field-theoretic precursors of type 
IIA/IIB string T-duality. The full global symmetry of D-dimensional maximal supergrav- 
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ity is the maximally non-compact form of E {11 _ D y The scalar sectors of the Lagrangians 
describe the cosets E^ 1 _ D) / H {11 _ D)) where H n is the maximal compact subgroup of E n . 
In the dimensional reduction scheme of HH, which we are also using in this paper, the 
scalar coset naturally arises in a Borel gauge, with the axionic scalars (those that do not 
appear in exponentials) having associated dilaton vectors that form the positive roots of 
Eqi-d) P) PH - This means that the Eqi-d) group can easily be identified, by recognising 
the subset of dilaton vectors associated with the simple roots. 

In the dimensional reduction route from D = 11, the metric tensor yields L>-dimensional 
potentials A l m and A % , -.j, with associated dilaton vectors b\ and &L; while the 3- form poten- 
tial yields gauge potentials ^4 (3) , A (2) j, A {1) ij and A mi jk with dilaton vectors a, a,, a^- and 
&ijk Here, the indices i, j, . . . label the directions on the compactifying (11 — D)-torus, 

running from i = 1 to i = 11 — D. (Note that we use primes on the dilaton vectors b\ and 
b[j here, to distinguish them from the dilaton vectors b a and b a /3 in the type IIB reduction 
in appendix |A[) The dilaton vectors b'^ and are the positive roots of Eqx-d) in D > 6. 
In D = 5,4 and 3 they are augmented by —a, —3i, and {— aij,— b'j} respectively, corre- 
sponding to the fact that in these dimensions additional axions arise from the dualisation 
of higher-degree fields ^4 (3) , A^i and {A^y^L}. In all cases, one finds that the simple 
roots, in terms of which all the others can be written as sums with non-negative integer 
coefficients, are b\ i+1 and ai23> where l<i<10 — D ||]. It is easily shown from their dot 
products that they give the E { y\-d) Dynkin diagram: 

h' h' h' h' h' h' h' 

°12 °23 °34 °45 °56 °67 °78 

o — o — o — o — o — o — o 
o 

Diag. 1: The D = 11 dilaton vectors b' ii+1 and 0123 generate the E n Dynkin diagram. 

In using this diagram, it is to be understood that in a given dimension D, only those 
simple roots whose indices are less than or equal to (11 — D) are present. Note that the 
simple roots V i i+1 are those of the SX(11 — D, H) subalgebra of the GL(11 — D, M) general 
coordinate transformations on the compactifying (11 — D)-torus. 
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We can present the analogous discussion for the type IIB reductions given in appendix 
|A]. In this case the axions are x> •A'jLp, ^map^s, tfmap anc ^ ^tmap w ^h dilaton vectors d, 
b a /3, c a p.ys, Qq| and a^o. In D = 4 and D = 3 these dilaton vectors will be augmented 
by {— a NS , — a RR } and {-a„ s , -a™} respectively, corresponding to the extra axions coming 
from the dualisation of the associated higher-degree fields. Again, we find that the dilaton 
vectors form the positive roots of £?(ii-£)), and here the simple roots turn out to be d, aJjf 
and 6 aa +i, for 1 < a < 9 — D. From their dot products we find that they generate the 
following Dynkin diagram: 



^34 ^45 ^56 ^67 ^78 

o — o — o — o — o 
o 

^23 

Diag. 2: The type IIB dilaton vectors d, a^f and b a a +i generate the E n Dynkin diagram. 



d 
o 



'23 



Here, in a given dimension D only those simple roots with indices less than or equal to 
(10 — D) are present. Note that the simple roots are those of the SX(10 — -D,H) 

subalgebra of the GL(10 — D,TR) general coordinate transformations on the compactifying 
(10 - L>)-torus. 

By comparing the two Dynkin diagrams, we see that each circle representing a simple 
root is associated with a general-coordinate transformation dilaton vector b\ i+1 or 
in at least one of the two diagrams. This means that by putting together the GL(11 — 
-D,IR) from the D = 11 picture, and the GL(10 — D,TR.) from the type IIB picture, one 
is able to generate the entire Dynkin diagram for E( 11 _ D y In other words, the entire CJ 
symmetry of D-dimensional maximal supergravity can be generated from general coordinate 
transformations on the compactifying tori of the two pictures, which are related by T- 
duality. 

This way of patching together the -E { n_ D ) algebra naturally explains the fact that E^ 11 _ D) 
is a symmetry of the Lagrangian in odd dimensions, but only of the equations of motion 
in even dimensions. This stems from the fact that the GL(10 — Z?,H) general coordinate 
symmetry of the type IIB picture is itself a symmetry only at the level of the equations of 
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motion in even dimensions (as we discussed earlier), owing to the self-duality constraint on 
the ten-dimensional 5-form field strength. Thus if D is even, then if a given transformation 
within E {11 _ D ) is a symmetry of the Lagrangian, then it must have its origin, in the D = 11 
picture, as a general coordinate transformation of the (11 — D)-torus. On the other hand, 
if it is a symmetry only of the equations of motion, then in the type IIB picture it must 
originate from a general coordinate transformation on the (10 — -D)-torus. For example, 
in D = 8 the SX(3, IR) factor in the CJ group, which is a symmetry of the Lagrangian, 
is indeed a subgroup of the GL(3, IR) coming from general coordinate transformations on 
the T 3 compactifying D = 11. On the other hand the SX(2,IR) factor in the CJ group, 
which corresponds to an electric/magnetic duality for membranes, is a symmetry only of the 
equations of motion, and indeed it originates from the general coordinate transformations 
of the T 2 compactifying the type IIB theory. 

The procedures described above can also be applied to the O(10 — D,W — D) symmetry 
of the N = 1 theory. In this case, corresponding to truncating out the R-R sectors of 
the type IIA and IIB theories, we observe that the Dynkin diagrams given in Diag. 1 and 
Diag. 2 lose their left-hand-most circles, so that they are now the Dynkin diagrams for 
O(10 — D, 10 — D). The T-duality transformation is now a symmetry of the theory, which 
interchanges the two "ears" of the Dynkin diagram. Thus the O(10 — D, 10 — D) symmetry 
of the N = 1 theory can also be viewed as the general coordinate symmetry GL(10 — D, IR) 
intertwined with the discrete T-duality symmetry. 

3 Details of the decomposition 

In the previous section we have shown how the general coordinate transformations on the 
internal compactifying torus in the D = 11 picture and in the type IIB picture patch 
together to make the full CJ group of D-dimensional maximal supergravity. Here, we 
give the detailed decomposition of the global symmetry transformations as a sequence of 
general coordinate transformations in the two tori, intertwined with type IIA/IIB T-duality 
transformations. 

To do this, we first make a correspondence between the various fields of the dimensionally- 
reduced D = 11 and type IIB theories in D dimensions. The simplest way to do this is to 
make the correspondence first in D = 9; this is summarised in Table 1 below. 
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IIA 




IIB 


D = 10 


D = 9 


T-duality 


D = 9 


L> = 10 


R-R 

fields 


As) 


As) 




-8(3)2 




Aa)2 


<— > 


/IRR 

^(2) 


A RR 
^(2) 


A 1 
•^(i) 


A 1 


<— > 


/t RR 

^(1)2 


•^(0)2 




X 


X 


NS-NS 
fields 




4 2 




4 NS 

A (l)2 




-4(2)1 


Aa)l 




4 NS 

^(2) 


-4(1)12 




.4 2 
•^(1) 





Table 1: Gauge potentials of type II theories in D = 10 and D = 9 



From these correspondences in D = 9, those in all D < 8 can be obtained by simply 
performing standard dimensional reductions from D = 9. We now therefore introduce 
indices a, 6,..., running from 3 to 11 — D (so that i = (I, a) = (1,2, a), etc.). In D 
dimensions we therefore have for the NS-NS fields 



IIA: A (2) i A (1) i2 A (1) i a A (0) ua A 0)la6 

TTR- 4 NS A 2 4 NS A 2 4 NS 
iiu>. ^i (2) ^(i)a -^(0)a ^(0)ab 



TTA- ^ 2 ^ a ^ 2 A a , 

iirt. -^( )a -^(o)fc 

IID. /i (1)2 ^i (0) 2a ^(ojfe 



and for the R-R fields 

IIA: yl(3) -4(2)2 A 2 )a A 1 ) 2 ** Al)o6 

IIB: Af^ B (2) 2a Af^ a B {1)2ab 

IIA: -4 (0) 2ab Ao)abe .4^ Ao)2 "Ao)a 

HE: A^ ab B m2abc A™ 2 X A™ 2a 

Since the internal directions labelled by 1 and by 2 have both been singled out in 
this correspondence, we see only GL(9 — D, IR), corresponding to the a, b, . . . indices, as a 
manifest symmetry. Furthermore, we have made a specific choice in keeping the particular 
components of the B potentials indicated above. The remaining ones, namely B (3)a , B (2 )ab, 
B( 1)ahc and i?( ) a 6cd, have field strengths that are related by Hodge dualisation to the field 
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strengths of those that we are keeping. This way of truncating the supernumerary fields 
was discussed in [|J]. As we discussed earlier, the theory actually has the full GL(11 — D, IR) 
general coordinate symmetry in the D = 11 compactification, and the full GL(10 — D,R) 
in the type IIB compactification. 

We are now in a position to show how the full set of CJ transformations can be ex- 
pressed purely in terms of general coordinate transformations on the compactifying torus 
of one or other of the two pictures. Without loss of generality, we shall choose to express 
the CJ transformations of the D = 11 picture in terms of these general coordinate trans- 
formations. As usual, we can concentrate on the scalar manifolds, since these realise the 
entire i£(u-.D) CJ groups. The transformations associated with the Kaluza-Klein axions 
«4( )j originate from the GL(11 — D,TR) of the general coordinate transformations of the 
(11 — Z})-torus compactifying D = 11 supergravity, and so these are already of the required 
general-coordinate form. The transformations associated with the remaining axions are not 
of the general-coordinate type, as seen from the D = 11 reduction viewpoint. However, we 
shall now show that they can be expressed as general coordinate transformations when seen 
from the type IIB reduction viewpoint. For D > 6, the extra axions are just the Amjijfc 
potentials. They can be mapped into Kaluza-Klein axions in the type IIB picture as follows: 

IIA IIA IIB 

SL(ll-D,n) M T-dual (3.1) 

A (0) ijk > A ( o)12a ► A:o)a 

In D < 5, in addition to the axions described above, which are handled analogously, 
there are further ones that come from the dualisations of higher-degree fields. These can 
be discussed dimension by dimension. In D = 5, the extra axion is obtained from dualising 
the 3-form potential -4(3)- Since the process of dualisation is non-local on the potentials, we 
shall indicate the sequence of correspondences on the field strengths here. 

IIA IIB IIB IIB 

T-dual self-duality 5L(5,IR)nB 

*F(4) ► *H {4) 2 ► H {1)abcd > H (1)2 abc 

constraint 

(3.2) 

IIA IIA IIB 

T-dual SX(6,]R) M T-dual 
► F(l)abc ► F (1) i2a > S (1)a 

The step indicated by "self-duality constraint" makes use of the lower-dimensional self- 
duality relations given in (|A.17 ). 

In D = 4, there are seven extra axions coming from the dualisation of A( 2 )i- The 
sequence of their correspondences to the Kaluza-Klein axions of the type IIB reduction is 
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given by 



IIA IIA IIB IIB 

5L(7,IR)m T-dual 5L(6,IR)„b 
*F(3)i ► *F(3)a ► *H (3) 2a ► *H (3)a b 



IIB IIA IIA 

self-duality T-dual SL(7,TR) M (3.3) 

► H(i)2abc > F(i)abc > F(i)12a 

constraint 



IIB 

T-dual 
► 



In D = 3, there are twenty-eight additional axions coming from the dualisation of A {1) ij 
and eight from the dualisation of .Am- We consider the twenty-eight axions first, for which 
we find that the sequence of their correspondence is given by 

IIA IIA IIB IIB 

SX(8,1R)m T-dual SL(7,1R)iib 
*F(2)ij ► *F(2)ab ► *F[(2)2ab ► *H^ 2 )abc 



IIB IIA IIA 

self-duality T-dual SX(8,R) M (3.4) 

► H W 2abc ► F Wa bc > ^(l)12o 

constraint 



IIB 

T-dual 



•^(1)0 

The sequence for the other eight axions is given by 

IIA IIA IIB IIB 

5L(8,R) M , T-dual SL(7,TR)im 

> *^ > *^) R 2 > *F™ 



IIA IIB 

T-dual S%(8,]R) M 
► *F (2 )2a ► *F (2 )ab 



(3.5) 



where the dots indicate that the sequence then follows (|3.4j ), joining it at the second stage 
of the first line. 

To summarise, in this section we have shown that all the axions that do not directly arise 
as Kaluza-Klein axions from D = 11 supergravity can be mapped, by a sequence of internal 
general-coordinate symmetry transformations and type IIA/IIB T-duality transformations, 
into Kaluza-Klein axions from type IIB supergravity. A completely analogous converse 
discussion would allow one to interpret all the axions of the type IIB reduction as Kaluza- 
Klein axions. 
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4 M-theory interpretation of U-duality 



So far in the paper, we have been focussing on how the full CJ groups may be interpreted in 
terms of internal general coordinate transformations, either directly on the compactifying 
torus in the picture (D = 11 supergravity or type IIB supergravity) under consideration, or 
else indirectly, in the sense that we first make a T-duality transformation to the other pic- 
ture, and interpret the CJ transformation as an internal general coordinate transformation 
there. 

It is of interest also, however, to take a different approach, and to study how the full 
set of CJ transformations act when we stay entirely within one picture or the other. Some 
of the CJ transformations will simply be internal general coordinate transformations, but 
the others, which are more interesting from this point of view, do not have this geometrical 
interpretation. 

To study this, let us consider in more detail the D = 8 example that we discussed pre- 
viously. We shall consider it as arising from the compactification of M-theory on a 3-torus. 
As we discussed previously, the SX(3, H) factor in the »SL(3,IR) x SX(2,]R) Cremmer-Julia 
group comes from internal general coordinate transformations on T 3 , while the SL(2,TR) 



factor is electric/magnetic symmetry of the membrane [12]. The scalar and gauge fields in 
the theory, in the notation of are as follows: 

Scalars : <j> , A\ 0)j , x = A«)i23 , 

Vectors : A { m , A wij , (4.1) 
Higher-rank : A (2)i , A {3) , 

where 1 < i < 3. The Lagrangian is given by 

C = R*l- i*# A d$- \e a ^*F {i) A F w - \ ^ e 3 ^ *F (3)i A F (3)i 



\ ^ e^*F mij A F mij - \ e^*r (2) A T\ 2) - ' *d X A d X 

i<j i 

IJ2 A + \ X dA {3) A dA (3) 

i<j 



- (^dA (2)i A dA (2)j A A mk + \dA m A dA (2)i A A (1)j ^j e ijk , (4.2) 

where the "dilaton vectors" a, Oj, aij, Oyfe, bi, by are constants that characterise the cou- 
plings of the dilatonic scalars <fi to the various gauge fields; they are given in 

The . . . indices are in the fundamental representation of SX(3,]R), and so in par- 
ticular the Kaluza-Klein vectors A l (1) form a triplet of 5L(3,IR). Similarly, the "membrane 
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wrapping mode" vectors A m ij form another triplet of SX(3,IR). The 5L(3,H)/0(3) part 
of the scalar manifold is parameterised by the Kaluza-Klein axions A l ^j , together with the 
two linear combinations of the three dilatons cj) that do not couple to ^4( )i23- It is convenient 
to express these two linear combinations in terms of the three linearly-dependent vectors 
Pi = bi + 50123, which have the property that Pi • 0123 = 0. In terms of these, we may write 
the dilaton vectors for the Kaluza-Klein and winding-mode vectors as 

h = Pi — hai23 , 



a 



'j 



Pk + hai23 i^j^k^i. (4.3) 



In fact j4( )123) which we are calling % for convenience, together with the remaining orthogo- 
nal linear combination cp = ^a^-fj) of the three dilatons 4>, paremeterises the SX(2, M)/0(2) 
part of the scalar manifold. Under SX(2,IR) the Kaluza-Klein vectors {A^^A^^A 3 ^} pair 
off with the membrane-wrapping vectors {A W 23, ^4(i)i3, ^1)12} respectively, to form three 
doublets. The field strength F {4) and its dual form another doublet under 5L(2,H), and 
the remaining fields are invariant. 

The ansatz for the reduction of the metric, following the notation of is 

3 

ds\ x = e&Us 2 + J2 {dz* + A^ + A\ 0)j dz?) 2 , (4.4) 

i=l 

where the vectors g and fi can be found in The volume form of the physical 3-torus 
is therefore given by e^ 1+ ^ 2+ ^'^ dz 1 A dz 2 A dz 3 . The exponential factor turns out to be 
e~2 ai23 '^, and hence the volume form is dz 1 A dz 2 A dz 3 . Since tp is the dilaton of the 
SX(2, IR)/0(2) scalar manifold, and since dz 1 A dz 2 A dz 3 is invariant under the SX(3,IR) 
transformations 5z l = A i j z 3 , it follows that the volume of the 3-torus, namely 

^3 = , (4.5) 

is SL(3, 1R) invariant, and furthermore is given in terms of the dilaton ip of the SL(2,TR) 
factor in the D = 8 CJ group. 

In the Einstein frame, the mass per unit p-volume for an electric p-brane supported by 
a field strength with kinetic term of the form e c '^ F 2 is M ~ eT^ c '^ [13, T3|. From (4.2) 



and ( |4.3p , we therefore see that the masses of the particles supported by the Kaluza-Klein 
vectors and the winding-mode vectors depend on the SX(2,]R) dilaton as follows: 



1 ,„ 1 



M K K~e^, M WM ~e"^. (4.6) 
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(We are assuming here, for simplicity, that the axion \ is zero. We shall discuss the more 
general case below.) Thus, as expected, we see that the Kaluza-Klein particles become 
massless in the limit when the volume of the 3-torus goes to infinity.^ (This is the same 
phenomenon as the one discussed by Witten in ||], where the Kaluza-Klein particles in the 
type IIA string become massless as the dilaton grows large, leading to the opening out of 
the eleventh dimension.) On the other hand, if the volume of the 3-torus goes to zero then 
the Kaluza-Klein particles become heavy, while the winding-mode particles now become 
massless. Thus the particle spectrum of M-theory compactified on a small T 3 is identical 
to the particle spectrum of M-theory compactified on a large T 3 of reciprocal volume. This 
implies that M-theory compactified on a large T 3 is dual to M-theory compactified on a 
small T 3 of reciprocal volume. (Recall that we are taking \ = here for simplicity.) 

It is not enough just to study the particle spectrum in order to justify this duality 
conjecture. Further supporting evidence can be found from the spectra of the other p- 
branes in the theory. For example, the masses of the fundamental string and two D-strings, 
measured in the Einstein metric, are dependent only on the shape of the T 3 , but not on the 
size. Actually, the conjecture about the equivalence of the compactification on a large T 3 
and a small T 3 is really just equivalent to the conjecture of U-duality, and the supporting 
evidence for the one conjecture is equivalent to that for the other. This is a consequence 
of the fact that the conjectured T 3 duality symmetry is implied by the Z2 Weyl group 
symmetry of SL(2, Z) factor of the U-duality group in D = 8. 

In the CJ group <SX(3, IR) x SL(2, IR), the SL(3, IR) subgroup comes from internal general 
coordinate transformations. Upon quantisation, it is discretised to SX(3,Z). This discrete 
subgroup has the feature that it leaves the size and shape of the compactifying 3-torus 
unchanged. For this reason, different moduli which are related by this SL(3, Z) symmetry 
2 To be precise, in order to see that the BPS black hole solitons supported by the Kaluza-Klein vectors 
indeed describe the Kaluza-Klein particle states coming from D = 11, we should calculate their masses in the 
D = 11 M-metric and not the D — 8 Einstein metric. In general, if two metrics are related by gffi — Q 2 gffi, 
where SI is a constant, then the masses per unit p- volume of ap-brane are related by m <A) = S7 _p_1 m (s) Jl^ |. 
Thus the mass of the Kaluza-Klein particles in the M-metric is of the form e'^"^ ~ e3 v = V~ 1/3 . This 
is the expected scale dependence for the Kaluza-Klein masses arising from compactification on a 3-torus. 
Note that the winding- mode masses in the M-metric are of the form ~ V 2 ^ 3 , which is what one would 
expect for a membrane. (Actually these analyses, like all analyses of this kind, are guaranteed to "work," 
since on closer inspection they turn out to be nothing but the verification that the lower-dimensional theory 
is indeed the dimensional reduction of the higher-dimensional one. Thus the success of such "miracles" is 
somewhat tainted by the fact that they would equally well appear to operate even in cases where there is 
no supersymmetry and no underlying fundamental theory!) 
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transformation should be identified. On the other hand, the SL(2, Z) factor of the U-duality 
group cannot all be regarded as general coordinate transformations of the internal space 
from the 11-dimensional point of view. (In fact an 1R subgroup of SL(2, 1R) does originate 
from the internal general coordinate transformations, as we shall discuss below.) It is 
generated by the axion -A( )i23 (which does not parameterise any modulus of the 3-torus) and 
the dilatonic scalar ip that measures the volume of the compactifying 3-torus. This implies 
that under this SL(2, Z) transformation, the volume of the 3-torus ranges from infinity to 
zero. The D = 8 U-duality symmetry implies that M-theory compactified on M 8 x T 3 for 
various sizes of the volume that are related each other by SL(2, Z) transformations are dual 
to each other. To be precise, if we start with M-theory compactified on a 3-torus of volume 
Vo, and a value xo f° r the axion, then it is dual to M-theory compactified on a 3-torus of 
the same shape but with volume V, and an axion Xi given by 

v _ 1 = (axo + b)(cxo + d) + acU 2 

" JVo + icxa + WVo 1 ' X C 2y 2 + ( CX0 + d)2 ' [ - ) 

where a, b, c and d are integers satisfying ad — be = 1. 

Classically, the GL(3, IR) ~Rx SL(3, IR) of internal general coordinate transformations 
(which also utilises a compensating "trombone" rescaling symmetry so as to leave the 
lower-dimensional metric invariant [Q]) can change the volume as well as the shape of the 
3-torus.^| In particular, it is the 1R factor that rescales the volume, while the SL(3, IR) factor 
changes the shape. However, the scalar corresponding to this rescaling symmetry has been 
"reassigned" to the SX(2,1R) factor in the full SX(3,IR) x SL(2, H) CJ group, and so upon 
quantisation, where it is conjectured that the U-duality group SL(3, Z) x SL(2, Z) survives, 
the volume-changing transformations ( |4.7| ) survive within the SL(2, Z) factor, and not the 
SL(3, Z) factor. This should be contrasted with the type IIA D = 10 and D = 9 cases, 
where the volume-changing factors in the classical GL(1,IR) and GL(2,IR) CJ groups are 
completely broken at the quantum level. This explains why in these two cases the physics 
is changed by changing the radius of the S 1 or the volume of the T 2 . (In the D = 10 
case the weakly-coupled type IIA string is mapped to a D = 11 theory as the circle gets 
3 The GL(U — D, IR) symmetry of the D- dimensional supergravity, which acts on the lower dimensional 
fields, can be derived from the covariance of the eleven-dimensional theory under constant linear coordinate 
transformations in the internal y 11 - . However, if the GL(11 — D, IR) symmetry is viewed just as a trans- 
formation on the D-dimensional fields, it will now imply an active transformation on the internal space, 
and hence will have the effect of changing the size and shape of the internal torus, since in the dimensional 
reduction procedure a specific configuration for the internal coordinates is chosen. Nevertheless, we shall still 
refer to this D- dimensional GL(11 — D, IR) global symmetry as internal general coordinate transformations. 
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large ||, whilst in the D = 9 case the type IIB theory emerges as the volume of the T 2 
shrinks to zero §.) In D < 8, on the other hand, the volume of the compactifying torus 
can be changed by surviving U-duality symmetries, and so in such cases one has duality 
symmetries relating M-theory compactified on tori of different radii. 

In the above discussion, we said that M-theory on large a 3-torus is dual to M-theory on a 
small 3-torus with reciprocal volume, provided that the Kaluza-Klein modes and membrane 
wrapping modes are interchanged. At first sight, this might seem to be in contradiction 
with a fundamental membrane interpretation, where the Kaluza-Klein modes are those of 
the membrane itself. If we consider a fundamental membrane in D = 11, then its particle 
modes compactified on T 3 might be expected to have masses of the form 

2 4 

m 2 ~iF3 +yV3 , (4.8) 

where x and y are related to the mode numbers for the Kaluza-Klein and winding modes 
respectively, and they would also depend on the parameters specifying the fixed shape of 
the 3-torus. This mass formula is obviously not invariant under the V — ► 1/V transfor- 
mation. However the analogy between strings and membranes is not so close as to make 
the mass formula ([4.8]) justifiable, since there is no sensible perturbative spectrum analysis 



for membranes that are not wrapped around the torus. Thus the formula (4.8) really only 
arises in an approximate analysis where the Kaluza-Klein contributions are treated as a 
small perturbation to a large winding- mode contribution [16|. It would therefore be inap- 
propriate to expect such an approximate formula to be invariant under the interchange of 
Kaluza-Klein and winding modes. 

So far we have considered the U-duality in D = 8. The generalisation to lower dimen- 
sional U-duality is straightforward. The SX(11 — -D,Z) leaves the size and shape of the 
(11 — D)-torus invariant, whilst the parts of the U-duality transformations that are not 
internal general coordinate transformations can change the size or shape of the torus. This 
implies that there is a duality symmetry of M-theory compactified on various sizes and 
shapes of internal torus. To summarise, when M-theory is compactified on M\q x S , the 
small circle limit gives rise to type IIA perturbative string theory. If M\\ = Mg x T 2 , the 
small volume limit of the T give rise to the type IIB string. If M n = M$ x T 3 , there is an 
SL(2, Z) multiplet of sizes for the volume that should be identified (as given in (fO|)), but 
different shapes of the T 3 give rise to inequivalent moduli. When the dimension of the in- 
ternal torus is bigger than 3, then tori even of different shapes should be identified. It would 
be of interest to study the identifications in the internal spaces in the lower-dimensional 
examples. 
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5 T 2 reductions of D = 6 gravity and super gravity 



In sections 2 and 3, we showed that the full CJ groups for all D-dimensional maximal 
super gravities can be described in terms of the closure of the internal general coordinate 
transformations of the toroidal compactifications of D = 11 supergravity and of type IIB 
supergravity, with type IIA/IIB T-duality linking the two pictures. The T-duality and the 
general coordinate transformations GL(10 — D,R) of the type IIB theory are both pertur- 
bative transformations of string theory. The non-perturbative aspect arises as the internal 
general coordinate transformations of the toroidal reduction of 11-dimcnsional supergrav- 
ity. The fact that all the non-perturbative transformations within the CJ symmetries arise 
from internal general coordinate transformations in M-theory may shed some light on the 
non-perturbative aspects of string theory. 

As we mentioned in the introduction, the CJ symmetry transformations can have the 
effect of altering the asymptotic structure and also the curvature structure of a p-brane 
soliton. Obviously, a general coordinate transformation cannot do this. What we have 
shown is that it is really the type IIA/IIB T-duality transformation that is responsible for 
this change of the geometrical structure of the p-brane, and hence the nature of this change 
may be understandable within the perturbative framework. 

It is well known that the R <-> 1/R transformation of type IIA/IIB T-duality is a stringy 
phenomenon, which becomes a symmetry in the heterotic string, i.e. when the R-R fields 
are truncated out. At the level of supergravity this symmetry amounts to an orthogonal 
transformation of the dilatons, accompanied by an interchange of the Kaluza-Klein vector 
and the winding-mode vector (i.e. the vector coming from the dimensional reduction of the 
antisymmetric tensor that couples to the string). In fact this type of symmetry, at the field 
theory level, can also arise in a pure gravity theory. 

To illustrate this, let us consider pure gravity in D = 6, and then perform a dimensional 
reduction to D = 4 on a 2-torus. It is straightforward to see that the four-dimensional 
Lagrangian has a manifest GL(2, IR) global symmetry, which is the residual symmetry of 
the general coordinate transformations of the internal 2-torus. The scalar coset contains 
two dilatons (f)\ and 4>2, and one axion \ = «4(o)2- The two Kaluza-Klein vectors, and 
Af^, form a doublet. We may now show that at the level of equations of motion, there is an 
additional R <-> 1/R discrete symmetry, where R is the radius of the circle compactifying 
from D = 5 to D = 4. To this see, we first dimensionally reduce D = 6 gravity to D = 5, 
where we will obtain a dilaton <j>i and a Kaluza-Klein vector Al 1)} together the metric. We 
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now dualise the Kaluza-Klein vector to a 2-form potential A (2 ). The Lagrangian for this 
dualised system is given by 

— d> 

£ 5 = R*l - A c% - *F (S) A F m , (5.1) 

where = eL4 (2 ). This theory admits an electric string soliton solution. The form of the 
Lagrangian is analogous to that for the bosonic sector of N = 1 supergravity in D = 10. 
Thus we expect that upon dimensional reduction to D = 4, there should be a discrete 
symmetry that interchanges the new Kaluza-Klein vector A%, with the winding-mode vector 
A w that comes from the dimensional reduction of A (2 ). Indeed, performing the reduction 
we find 



4 2 

fl*l-±*#A#- \e^ 4 ' 1 ~^ 2 *dF m AF (3) 



-igv^+v^ 2 *dF (a) A dF m - ie"^ 2 *d^ { 2 2) A dT 2 {2) , (5.2) 
where F (3) = cL4 (2) — .A?,, A dA w , F {2) = cL4. Cl) and J-? 2 , = dAf iy It is straightforward to see 



that (5.2) is invariant under the following discrete transformation 






(5.3) 



A m -» Afo A z (1) -> A (2) -> A (2) + A ^ . (5.4) 

Note that we have A = A -1 . If we measure the radius of the compactifying circle from D = 5 
to D = 4 in the five-dimensional "string" metric^] i.e. the metric in which the mass of the 
5-dimensional string soliton is independent of the <f>\ dilaton modulus, then it is given by 
R = e - ^ 1 /^ - ^ 2 /^. This transforms as R — > 1/R under the dilaton transformation (5.3). 



Note that in the Lagrangian ( |5.2| ), the SX(2,]R) factor in the GL(2,IR) coming from the 
internal general coordinate transformations is broken, and instead, we gain an R — > 1/R 
discrete symmetry. If instead we had not dualised the Kaluza-Klein vector in D = 5, the 
resulting 4-dimensional Lagrangian would have been invariant under GL(2,IR), but then it 
would not have been invariant under the discrete symmetry. At the level of the equations 
of motion, where the choice of whether or not to dualise »4jL is immaterial, the theory is 
invariant under both the GL(2, 1R) and the discrete symmetries. 

4 If the dilaton coupling of the 3-form field strength that couples to the fundamental string is of the form 
e c '^ F ( 3) in the Einstein-frame metric ds% in D-dimensions, then the D-dimensional string-frame metric is 



dsttr = e 2C ^ ds%. The D-dimensional string coupling constant is given by g D = e lD 2 )/ Sc '^. 
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The example we have just been considering illustrates that an R «-> 1/R symmetry can 
arise in the context of a pure gravity theory. From the six-dimensional point of view, it 
interchanges one Kaluza-Klein vector with the dual of the other Kaluza-Klein vector ,[[] by 
contrast with the situation in string theory where Kaluza-Klein and winding modes are 
interchanged. Of course this theory is just a toy model, and it is not supersymmetric. We 
may, however, embed it in a supersymmetric theory, in which case the R <-> 1/R symmetry 
will be embedded as part of a larger symmetry of the supersymmetric theory. The minimal 
supergravity in D = 6 is N = 1, which contains the metric and a self-dual 3- form field 
strength G (3) . If this is directly reduced on a 2-torus to D = 4, the internal GL(2,TR) 
general coordinate transformations are symmetries only at the level of the equations of 
motion, owing to the self-duality condition on G {3) . (This is analogous to the situation 
for the reduction of type IIB supergravity, which is discussed in appendix [A].) Now, we 
shall follow the same strategy that we did previously for pure gravity, and first dualise the 
Kaluza-Klein vector .AjL in D = 5. This gives the Lagrangian 

4 2 

£ 5 = R*l ~ \*dtjn A #i - \eT^ *F (3) A F (3) - ±e v 7 ^ 1 *G {2) A G {2) , (5.5) 

where G (2) = dB (1) comes from the dimensional reduction of G (3) , and F (3) = cL4 (2) — 2-^(1) A 
(!£>(!) is the field strength coming from the dualisation of J-h. . After a further reduction to 
D = 4, followed by a dualisation of A( 2 ) to give an axion Xi we obtain the Lagrangian 

£ 4 = R*l- ±*d(j> A d$ - ^e 2 ' 1 ' *dx A d X - *da Ada 

-X (F+ A F- + Iif a) A F ( ° 2) ) , (5.6) 

where 

F+ = dA+ } - a dA° (1) - \a 2 dA~ } , F ( ° 2) = dA° w + a dA~ } , F~ 2) = dA~ } . (5.7) 

The vector potential arises from the reduction of ^4 (2) in D = 5; it is in fact dual to the 
Kaluza-Klein vector A^. The potential A^ comes from the reduction of B w in D = 5, and 
A^ 1} is the new Kaluza-Klein vector A 2 ^. Finally, a is the axion coming from the reduction 
of -B(i). The dilatons 4> an d V 5 are related to the standard and (f>2 by 

5 For this reason, this R «-» symmetry lies outside the general-coordinate GL(2, JR) symmetry. 
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The scalar sector in (|5.6|) contains two independent SL(2, M)/0(2) cosets, one parame- 
terised by ((p, x), and the other by (ip, a). We shall denote the corresponding global symme- 
tries by 5L(2,M) G and SL(2,M) T . The SL(2,B) a is a subgroup of the GL(2,IR) internal 
general-coordinate transformations, and hence it is a symmetry only at the level of the 
equations of motion (owing to the self-duality condition), where and its dual form a 
doublet. It is therefore an electric/magnetic duality symmetry of the 2-form field strength 
that comes from the self-dual 3-form in D = 6. The SL(2, 1R) T symmetry, on the other 
hand, leaves the Lagrangian ( |5,6| ) itself invariant, with the three potentials (j4i, A9^, A~Zs) 
transforming as a triplet. This can be made manifest by defining the matrix 

M = I JL V I ■ ( 5 ' 9 ) 



and the quantity 



J_ 40 _4+ 

^(i) ^(i) 



4- 1 4O 



(5.10) 



in terms of which (5.6) can be written as 



£ 4 = R*l - ±*d<p A d<f> - ±e 2,p *d X A dx + ^ti(*dM~ l A AM) 

-|e~*tr(*5 AM-ff T M _1 ) - |xtr(i? A fl") , (5.11) 

where iJ = cL4. 

The Lagrangian (|5.11 ) is manifestly invariant under SL(2,TR) T , whose action on the 



scalars and gauge potentials is given by 

M — >kMk T , A — ► AiA -1 . (5.12) 

It is also evident from the form of the Lagrangian that its equations of motion are invariant 
under SL(2,M) G , where, as explained earlier, the field strength F? 2 , and its dual form a 
doublet. In fact under SL(2, M) G the other 2-form field strengths form two further doublets, 
namely (Fjt , *FZ\ ) and (F^ , *F^ ) . The R <-> 1/R symmetry that we discussed previously 
in the pure gravity theory is now a part of <SX(2,1R) T , corresponding to 



A = ^ J . (5.13) 




In terms of the complex field r = a/y/2 + ie -1 ^^, this corresponds to r <-> — r _1 . 

It was shown in 0] that the 2-torus reduction of the six-dimensional N = 2 su- 
pergravity to D = 4 gives a theory with SL(2,TR) S x 0(2,2) global symmetry. The 
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0(2,2) ~ SL(2, M)i x SL(2,IR)2 factor is the expected T-duality symmetry for a string 
theory reduced on a 2-torus; this is a symmetry of the four-dimensional Lagrangian. The 
factor S*L(2, ]R)i is generated by the Kaluza-Klein axion, while SX(2, H)2 is generated 
by the winding-mode axion. The remaining SL(2, M) |S factor is an electric/magnetic S- 
duality [|l^,[l{|, which is a symmetry only at the level of the equations of motion. In this 
section, we have seen that the dimensional reduction of N = 1 supergravity in D = 6 gives 
a theory in D = 4 with the global symmetry 0(2,2) ~ SL(2,H) G x SL(2,H) T . This, how- 
ever, is not the same as the 0(2, 2) of T-duality in In fact, our SL(2,JR) G is the same 
as SX(2,]R)i, while our SL(2,JR) T is the diagonal subgroup of SL(2,JR) S and SL(2,JEC)2- 

6 Conclusions 

In this paper, we have shown explicitly how the full Cremmer- Julia symmetries of the 
maximal super gravities in all dimensions 3 < D < 11 can be interpreted in terms of general 
coordinate transformations on the internal compact toroidal dimensions. Specifically, we 
showed how the combination of such general coordinate transformations in the D = 11 
reduction picture and in the type IIB reduction picture, intertwined by the T-duality that 
relates the type IIA and type IIB theories, conspire together to generate the entire E^ 11 _ D) C J 
groups. (In fact in D = 10 type IIA, and in D = 9, the CJ groups are simply the internal 
general coordinate groups GL(1,IR) and GL(2,IR) from the toroidal compactification of 
D = 11 supergravity, and it is not necessary to invoke the intertwining with the type IIB 
theory in these cases.) 

The scheme that we have described allows us to interpret the global symmetry algebras 
of all the maximal supergravities, with the exception of the D = 10 type IIB theory itself, 
in terms of internal general coordinate transformations. (Of course the global symmetry 
GL(2,IR) of the S 1 reduction of the type IIB theory can be understood as internal general- 
coordinate symmetries of the T 2 reduction of D = 11 supergravity.) 

Up to this point, our discussion was a classical one at the level of the supergravity field 
theories. The symmetry is conjectured to survive as a discrete U-duality, in the context 
of string or M-theory. The discrete U-duality group -E n (Z) can then be viewed as the closure 
of S'L(11 — D,Z)m and SL (10 — L>,Z)nB 5 which are discretised subgroups of the internal 
general coordinate transformations of toroidally compactified M-theory and type IIB theory 
respectively. These two groups are interwined by the perturbative T-duality transformation 
of the type IIA/IIB strings. This decomposition gives a better understanding of the origins 
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of the U-duality groups. For example, it provides a natural understanding for why sets of 
moduli that are related by U-duality transformations should be identified, since any physical 
compactifying torus T n is invariant under SL(n, Z) transformations. 

It should be emphasised, however, that in a given picture (i.e. either M-theory or the 
type IIB string), the U-duality group also involves (in D < 8) transformations that are not 
simply internal general coordinate transformations on the torus. The scaling transformation 
of the torus, which classically is part of the internal general coordinate transformations, is no 
longer a symmetry at the quantum level in those cases (D = 10 and D = 9) where it remains 
as a direct-product H factor in the CJ group. (This IR factor in GL(11 — D,TR) cannot 
survive the quantisation in D > 9 since there is no such group as GL(n, Z).) However, in 
D < 8 it is absorbed into the full CJ group, and transformations that change the size of 
the torus do survive in the quantum discretisation to the U-duality symmetry group. A 
consequence of this is that whereas the compactification of M-theory on T n gives different 
physics under inversion of the volume of the torus when n < 2, it gives equivalent physics 
when n > 3. 

The perturbative T-duality that relates the type IIA and type IIB strings on circles 
of reciprocal radii, in the infinite-radius limit, requires further comment. Let us consider 
compactifying the type IIA and type IIB strings on circles with radii Rua and Rub = 1/Rha 
respectively. (These are measured in the correponding ten-dimensional string metrics.) The 
two theories are equivalent, by virtue of T-duality, with the following relation between the 
string coupling constants 

JIA „IIB 

510 -g$ A = gl IB = ^=. (6.1) 



IIB 



In other words, we have 



g? A = ^, or equivalents, = . (6.2) 

-ftllB -KlIA 

Thus for any finite but non- vanishing value of radius .Rua or Rub, both <7*q A and 
can be small and non-vanishing, and so both the type IIA and the type IIB string are 
within their weak-coupling perturbative regimes. However, in the limit where one of the 
radii approaches infinity (or equivalently, where the other radius becomes infinitesimal) , the 
situation becomes more subtle. It follows from (|6.2j ) that when the compactifying circle of 
one string theory shrinks until it is comparable in size to its coupling constant, the dual 
string with reciprocal compactification radius becomes strongly coupled. For example, if 
i?nA goes to zero, then the type IIA string coupling must also be taken to zero in order 



21 



for the theory to map to the type IIB string at large radius at finite string coupling. In 
other words, it is the free D = 9 type IIA string on a zero-radius circle that is T-dual to 
the D = 10 type IIB string. This free D = 9 type IIA string can also be obtained from 
M-theory on a 2-torus with vanishing volume ||. If instead we keep the string coupling 
constant of type IIA (or IIB) to be fixed, and send the corresponding radius to zero, it will 
map to the type IIB (or IIA) string at infinite string coupling. In particular, it implies that 
the type IIB theory at fixed coupling on a zero-radius circle is mapped to D = 11 M-theory 
(with an infinite radius for the eleventh, as well as for the tenth, dimension), rather than to 
the weakly-coupled perturbative type IIA string in D = 10. This relation between the type 
IIA string (or M-theory) and the type IIB string obviously goes beyond the weak-coupling 
regime. 

In this paper, we also discussed the toroidal reduction of six-dimensional pure gravity 
and N = 1 supergraviity to D = 4. In the former case, we found that there is an R «-> 
1/R discrete symmetry at the level of the equations of motion, in addition to the internal 
general coordinate GL(2, Hi) symmetry. In the case of N = 1 supergravity, we saw that the 
equations of motion have an SL{2, IR) x SL(2, IR) symmetry. 



Appendix 

A Type IIB reduction, and GL(10 - D,B) 



Our starting point is the Lagrangian introduced [ 10 1 , whose equations of motion, when 
supplemented by the externally (consistently) imposed self-duality constraint H (5) = *H^ 5) , 
give the equations of motion for the bosonic fields of type IIB supergravity: 

C = R *1 - \*d<p A # - \e 2<t> *d X A dx - \*H {5) A H {&) 

-\e~t> *F- S A - \et> *f™ A + \B W A dA™ A dA™ , (A.l) 

where 

^(3) S = ^-(2) i = dA^ — xdA^ , H( B ) = dB {A) + ^e pq A^ A cL4^ 2) . (A. 2) 

In the expression for H^, we are using the notation that = A^, and A^S; = A^ 2) 
here, and e\2 = 1. Note that is normalised so that its kinetic term is one half of 
the "canonical" one. This is because eventually we shall be substituting the solution of 
the self-duality condition back into the equations, and this will lead to a compensating 
doubling. 
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We now reduce the Lagrangian to D dimensions, using procedures and conventions that 
are analogous to those used for the reduction of D = 11 supergravity in []|,|4j]. Thus we 
reduce the metric to D dimensions using the ansatz 

dsj = e^ds 2 D + e 2 ^ {h a f , (A.3) 

a 

where h a = dz a + A^ + A* )j3 dz 13 . Here, we are using indices a, /?, . . . = 2, 3, . . . , 11 — D to 
label the internal compacified dimensions. Note that we begin labelling these with a = 2, 
corresponding to the reduction step on the coordinate z<i from D = 10 to D = 9. The 
coordinate z\ will be reserved for the reduction of D = 11 supergravity to D = 10. The 
vectors s and j a have 10 — D components, and we have j a = \{s — f a ) where 

s = (s 2 ,s 3 , . . . ,sn_ D ) , 
fa = (o,0, . . . ,0, (10 - a) s a ,s a+ i,s a+2 , ■ ■ ■ , (A.4) 

a-2 



and s a = y / 2/((10 — a)(9 — a)). With these definitions, it follows that a pure Einstein- 
Hilbert action in D = 10 reduces to an Einstein-Hilbert action in D dimensions together 
with canonically-normalised dilatonic scalars and vectors. Note that s and f a satisfy the 
dot-product relations 

S ' S = 4(D-^2) ' s ' fa = f) 2 _2 J fa'f(3 = ^a/3 + j^_2 • (^-^) 



The various potentials in ( A.l ) are reduced according to the ansatze 



B (i) -> B {4) + B {m dz a + \B {2)a p dz a dz 13 + \B maf3l dz a dz p dz 1 

+^.B {0)Q/ g 7 5 dz a dz 13 dz 1 dz s , 
A m A m + A ma dz a + \A WaP dz a dz 13 , (A.6) 

where the A potentials can carry either ns or rr superscripts. Note that we are in gen- 
eral suppressing the A symbols between differential forms. The field strengths are defined 
according to the following conventions: 

H {5) — > H {5) + H (4)a h a + \H {3)0 ,p h a hP + ^H (2)a/37 h a hr K 1 

+±H WaM& h a h 13 K 1 h 5 , 
^(3) — * F(3)+F(2)a h a + \F maP h a , (A.7) 

where the fields F can carry ns or rr superscripts. Prom these, one can read off the expres- 
sions for the field strengths in terms of the potentials. For the fields coming from Hrg\, we 
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find 



(5) 



G 



i; — G i3)a Afy + \G(2)aj3 "4(1) -4(1) 

ill 



~Ln n A a A 13 i 7 

g *J"(i)a/?7 -^1(1) ^t(i) 



l (4)a 
H (3)a f3 



i _L/"» ,Ja J/3 ^7 

> 24 (°) a P7<5 «^(i) «^(i) ^-(l) «^(i) ' 

v/3 



7 7 a 7 /3^C(2)75 C(i)7$cr A^ + | G^jga-p A^ A^ j ■ 
I 5 a 7 CT /3 7 P 7 (G W Sap + G (0) s ap \ A^) , 
1° a Y/3 7 A 7 7 r 5 G (Q)ap \ T , 



(A.8) 



where 



G( 5 ) — d-B(4) + ^e pg j4pj dA q 2 ^ , 

C(4) a = dB^ a + ^e p q (^4(2) ^-^-(l)a — -4(1)0; dA q 2 ^) , 

G (3 )a/3 = dB( 2)a p + 2e P q(A^ 2) dA q (Q)a0 +A( O)a pdA q (2) +2A P a) j a dA q a 

G(2)a{3j 

■ ' = 



(l)[o 



(A.9) 



The fields coming from the NS-NS and R-R 3-forms are given by 

|NS j /INS jfa i 1,7/tNS /fa J/3 



F NS 
r (3) 



dA 



- <74 NS A a 4- ±r]A NS A a A p 
(2) u ^ L (i)a -^-(l) t 2 (0)a/3 -^(l) -^(l) ' 



(2)a 

77NS 
^(i)a/3 

r (3) 

771RR 

^(2)0 



j\y S pdA™ lS , 

dA™ — xdA^ — (dA™ a — xdA^^A"^ + \ {dA^ )a p — xdA^^A^ A^ w , 
7^ (cM^, - X dA^ + (dA^ - xdA^Al,] 



(i)a, 



(A.10) 



In these expressions, the quantity 7^/3 is the inverse of 7^/3 = 5p +A" 0) p, and .A") = 7°^ „4( X) 
(see gg|). Note that dz a = 7^ hP - A\ y 

It is now straightforward to calculate the D-dimensional Lagrangian following from 



( PHD . We find 

£ = _ i*^a # - |e^*d X A d X - \e* $ *H {5) A H {5) - \ ^ *H Wa A £f, 



(4)Q 



a<f3 o</3<7 



a</3<7<5 



e c a f)-y&-<P 



(i)a/?7<5 



(1) a/375 



(A.ll) 
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2 e (3) A ^(3) 2 / , * r (2)a n r (2)a 2/-^ A ■ r ( 



(i)a/3 A 1 (l)a/3 
« a</3 

2 e ^(3) '^(8) 2 Z-/ * r (2)a A r (2)a 2 U)<*/3 A (l)ct/3 

o a</3 

2 Z_^ (2) A ^ (2) 2 Z-f t 1 )/ 9 f 1 )/ 9 FfB ' 

a a</3 



Here, (j) = (0i <^)> where 9? denotes the set of dilatonic scalars appearing in (A. 3) that come 



from the dimensional reduction from 10 to D dimensions, and <p is the original dilaton of 
the ten-dimensional type IIB theory. The various dilaton vectors for the 5-dimensional 
field strengths are given by 



a RR = (1, -4s) , a RR = (1, -4s + f a ) , a RR . = (1, -4s + f a + f p ) , 



l a(3 

l af3 

b a = (0, -f a ) , b af3 = (0, -/; + fp) , d = (2, 0) , 

c = (0, -8s) , c a = (0, -8s + f a ) , c a /3 = (0, -8s- + f a + />) , 

c a /3 7 = (0, -8s + f a + fp + fy , c aPlS = (0, -8s + f a + fp + f^ + fs) ■ (A.12) 

Note that C FFB represents the Chern-Simons terms, coming from the dimensional reduction 
of the last term in (|A.l| ). They are straightforwardly calculated using the ansatze for the 
reduction of the potentials, and we find 

D = 10 : ±B W A dA$ A (L4 RR , 



D = 9 : \ (epg B (A) A dA\ 2) A dA\ 1)2 + 5(3)2 A dA$ A cL4 RR ) , 
5 = 8: (\e pq B w A dA% A dA« )a/J + ±5 (4) A eM$ a A eM^, 

B (8)a A cL4[ 2) A dA q (1)/3 + \B WaP A dA™ A cL4^)e^ , 
5 = 7: ( — \e vq 5 (4) A dA p {1)a A (L4^ 7 + |5(3)a A dA^p A tM RR 7 
+ -B(3)a A cL4^ 2) A + \e pq B^ a p A cM^ 2) A gL4^ 1)7 

5 = 6: (|e M B (3)a A dAf^ A dA*,^ + ±5 (2)a/3 A dA*™ 7 A dA™ )5 
+|e pg 5( 2 )a/3 A d^4f 2) A dA q (0)ryg + § S (4) A dA^ a/3 A dA R R 7(5 

~j2 e PQ Bwafhf A ^(2) A '^(lji + 4£-^(0)a,37c5 A d-Apj A dA^^ £ a^S ^ 
5 = 5: ( - i5 ( 3 )a A cL4^ 7 A a!A RR 5e - B (2)a p A dAf 1)7 A d^^ 0)5e 
~'M e Pi B(i)af3'y A dA^ 2) A dA? Q .g e + jigB^apj A dA^^ A <iyl( 



1 RR 
1 (1)€ 
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D = 4 : ^^g-B(2)Q/3 A dA^ 7<5 A cL4^ e £ + ^e pg B {0)a/ 3^s A d-A^ A ^(o)eC 

+ ^B (0)a/ 3 1 S A cL4^j e A dA*^ + +^e pq B Wa/3l A dA^ )(S A dA q {Q)e( ^e c 

D = 3 : (&B Wafh A dA** Se A dA^ - ^e p9 B {0)a p jS A dAf 1)e A dA« )C „) e a ^<\ 

D = 2: ^B (0)aPlS A d^ ef A dA^ e e a ^ e . (A.13) 

(Recall that we are sometimes using the notation A p with p = 1 or p = 2 to indicate A NS 
or A RR respectively.) 

The /^-dimensional Lagrangian ( [AlTD has a global GL(W-D,JR) invariance. In partic- 



ular, the various fields with a,(3, . . . indices each transform irreducibly under GL(10— D, IR), 
in the corresponding antisymmetric-tensor representations. Furthermore, it is evident from 
the invariance of the Lagrangian that the duals of the H fields, defined by 

a {D-S) — 6 *-«(5) ) n (D-i) ~ e *-°(4)a j n (D-3) ~ e * n (3)a(3 ) 

n (D~2) — e *-"(2)a/37 5 -"(D-i) — e * I1 (i)<xPyS j l A - ±4 J 

transform covariantly as antisymmetric-tensor representations with upstairs GL(10 — -D, IR) 
indices. 

We now consider the self-duality condition which must be imposed on the ten-dimensional 
5-form field strength. It is useful to do this by postponing the imposition of the self-duality 
constraint until the lower dimension D has been reached. At this stage, the original con- 
dition ff( 5 ) = *if( 5 ) becomes a set of conditions relating the various dimensionally-reduced 
components of the original H^. To carry out this procedure, it is useful to define the 
following forms in the internal space: 

S = (TcPD)! ^ 2 -%o- D) A hP 2 A ■ • • A h^o-n) , 
S -i = (9^)1 e «iA-/9 (9 _ 0) ^ A-'-Ah^-") , (A.15) 

We then find that the dimensional reduction of the ten-dimensional Hodge dual of H/g\ gives 

I -\\ D , tt v U a V _L 1 H a P V 1 TJ a ^f V _l_ 1 U a P~t & V 

^ — J. J *il(5) — > il(£>_ 5 ) Zj — 23 (D _ 4) Zj q -f 2-n (D _3) — g (°-2) 24-"(D-i) ^0/37(5 ; 

(A.16) 

where the tilded fields are defined in ( [A. 14 ). From this and ( |A.7| ), we see that the ten- 



dimensional self-duality condition H {5) = becomes, in the various lower dimensions, 

D = 9 : H w = H W 2 , 
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D — 8 : H (3) — \e a ^ H (3)a/3 , H^ 4) — -e a/3 H {4)/3 , 

D = 7 : H (2) = -|e a ^ 7 iI C2)aj 3 7 , H" 3) = \e a ^ H {3 )/3 7 , 

n a . jj 1 ,Q/375 tt zra 1 a/37<5 tt JJ a P 1 ,o/375 TT 

u — u • -"(1) — 24 e -"(1)0/375 -"(2) — 6 rl (2)/375 ! -"(3) ~~ 2 e -"(3)75 1 

n r . ?ja 1 afi^fba tt TJ a @ 1 c ot(3^&o tt 

u — <-* ■ -"(l) — 24 n (i)P~t8<T 1 -"(2) — 6 -"(2)75(7 j 

r) — 4 • £r a /3 _ J_ a/3-ySap tt £r«/37 _ _1 aPjSap it 

u — * • -"(l) — 24 e n (\)^&ap 1 11 (2) — 6 n {2)5ap j 

D = 3 : fi£f 7 = _^ e ^T^A (A17) 

It should be emphasised that these conditions are all GL(10 — D, H) covariant, and so at 
the level of the equations of motion, the full GL(10 — D,R) general coordinate symmetry 
from the reduction on the (10 — D)-torus is manifest. It is possible to use these equations to 
substitute back into ( |A.11| ), and thereby eliminate the doubling of the degrees of freedom 
associated with the original non-self-dual field in D = 10. When D is odd, this can 
be done in a completely GL(10 — D, IR)-covariant way, by using the individual equations in 
( A.17| ) to eliminate sets of either H or H fields. When D is even, the explicit elimination 



of redundant fields requires a breaking of GL(10 — D,IR) to GL(9 — D,1R), since one has 
to eliminate half of the set of fields of degree D/2. 
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